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Abstract

Recently, a strong link has been discovered between supermodularity on lattices and tractabil-
ity of optimization problems known as maximum constraint satisfaction problems. The present
paper strengthens this link. We study the problem of maximizing a supermodular function which
is defined on a product of n copies of a fixed finite lattice and given by an oracle. We exhibit a
large class of finite lattices for which this problem can be solved in oracle-polynomial time in n.
We also obtain new large classes of tractable maximum constraint satisfaction problems.
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1 Introduction

Sub- and supermodular set functions are special real-valued functions defined on the powerset of a
set. They are well studied in combinatorics (see bibliographical survey [10]), and have numerous
applications in combinatorial optimization [9, 11] and elsewhere (see, e.g., [24, 28]). Minimization of
submodular set functions is one of most well known tractable problems in combinatorial optimiza-
tion [11, 27]. Examples of other combinatorial problems that can be solved by using submodular
set function minimization include the minimum s-t cut problem in networks and finding the largest
common independent set in two matroids. The submodular set function minimization problem
was also considered for various relaxations of submodular functions such as intersecting or crossing
submodular functions. Such relaxations are either defined on some family of subsets of a set, or
use a slightly modified form of submodularity [27].

A more general form of sub- and supermodularity is the one where functions are defined on
general (i.e., algebraic) lattices [28]. This form of supermodularity is very popular in financial and
actuarial mathematics (see, e.g., supermodular games [28] and supermodular order on multivariate
distributions [23, 25]), but it is relatively little studied in combinatorics and optimization (see,
e.g., Section 60.3a of [27]), except for the special case when the lattice is a chain, i.e., a totally
ordered set. Sub- and supermodular functions on finite chains can be alternatively represented by
matrices and arrays which are called Monge and anti-Monge, respectively, matrices and arrays.
Such matrices and arrays are used to identify tractable cases of hard optimization problems such
as TSP [1].

*A preliminary version of some parts of this paper appears in Proceedings of CP’05, Sitges, Spain, 2005.



Recently, the general form of supermodularity (on lattices) has been applied to classify the com-
plexity of maximum constraint satisfaction problems which are very actively studied optimisation
problems in artificial intelligence [6] and complexity theory [5]. In a maximum constraint satis-
faction problem, informally speaking, one is given a finite collection of constraints on overlapping
sets of variables, and the goal is to find an assignment of values to the variables with a maximum
number (or total weight) of satisfied constraints. Some recent papers [3, 8, 19] discovered that
there is a strong link between supermodularity on lattices and tractability of maximum constraint
satisfaction problems with a restricted set of allowed constraints, and developing this connection is
the main aim of the present paper.

2 Sub- and supermodularity, and lattices

In this section we describe the problem of maximizing a supermodular function on a product lattice.

Definition 2.1 Let A be finite set. A function f : 24 — R is called a supermodular set function
(on A) if the inequality
fX)+ V) < f(XNY)+ f(XUY)

holds for all X, Y C A, and it is called submodular if the inverse inequality holds for all X,Y .

The submodular function minimization problem is, given a submodular function f on A, to find
a subset X C A with minimum f(X). It is known [11, 17, 16, 26, 27] that a submodular function
on a set A can be minimized in polynomial-time (in |A|) provided getting a value of f is a primitive
operation.

A partial order on a set D is called a lattice order if, for every z,y € D, there exists a greatest
lower bound z My and a least upper bound z LI y. The corresponding algebra £ = (D, M, L) is
called a lattice. A subset of D closed under the operations M and U is called a sublattice of L. If
L; is a lattice on D;, ¢ = 1,...,n, then the product lattice L1 x ... x L, is a lattice with base set
Dy x ... x D, and operations acting component-wise. The lattice £" is the (direct) product of n
copies of £, and it is known as the n-th power of £. For more information about lattices, see [13].

Definition 2.2 Let L be a lattice on D. A function f: D™ — R is called supermodular on L if

f(a)+ f(b) < f(amb)+ f(aUb) foralla,be L.

and f is called submodular on L if the inverse inequality holds.

If A is a set with |A| = n then, by identifying subsets of A with 0-1 n-tuples, one can easily
check that the submodular (set) functions on A are simply the n-ary submodular functions on a
lattice on {0,1} with order 0 < 1. Therefore, it is natural to consider the problem of minimizing
the submodular functions on a given fixed finite lattice £, in the following form:

INSTANCE: A number n > 1 and a submodular function f on £™.
GoAL: Find an element a € £" such that f(a) = min{f(b) | b € £"}.

We will denote this problem by SFM(L). We will say that SFM(L) is oracle-tractable if it
can be solved in polynomial time in n (provided getting the value of f on a tuple is a primitive
operation). It was mentioned in [3] as an open question whether SFM(L) is oracle-tractable for
any fixed lattice £. This question was motivated in [3] by its applications in constraint satisfaction
which we will describe in the next section.



Note that a function f is submodular if and only if — f is supermodular. Therefore, the SEM (L)
problem can also be understood as the supermodular function maximization problem. We will
always use this reformulation because we will later apply algorithms for SFM(L) to solve certain
maximization problems.

Recall that a lattice is called distributive if it can be represented by subsets of a set A, where
the operations M and U are interpreted as set-theoretic intersection and union, respectively. Note
that, in some earlier papers on submodular functions, a family of subsets closed under intersection
and union is called simply a lattice family (or a ring family). The following result is proved in
Section 49.3 of [27] (see also [26]).

Theorem 2.3 A submodular function defined on a lattice family L on a set A can be minimized
in polynomial time in |A| provided we can compute in polynomial time the largest and the smallest
sets in the family, and the pre-order < on A defined as follows: u < v if and only if each set U € L
containing v also contains u.

Assume that we fiz a finite distributive lattice £. It is well-known that £ can be represented by
subsets of a set A such that |A| < |L]|. Clearly, we can compute in constant time the sets (as 0-1
|Al-tuples) representing the largest and the smallest elements of £, and we can also compute the
pre-order = in constant time. Obviously, for any n, the lattice L™ can be represented by subsets
of a set B of cardinality n|A| (since an element of L is represented by using |A| bits), while the
representations for the largest and the smallest elements of £™ and the pre-order for £" can be
trivially obtained from those for £. It follows that we can solve the problem SFM(L£) in polynomial
time in n (in fact, in n|L|, but |£] is a constant).

To the best of our knowledge, there was up to now not a single non-distributive finite lattice £
for which the problem SFM(L) is known to be oracle-tractable. We will provide such examples in
this paper.

The problem of minimizing submodular functions on non-distributive lattices was mentioned
in [17]. However it was not clear in that paper what the parameter should be in this case, since,
in combinatorics, submodular functions are traditionally considered to be defined on (some or all)
subsets of a set, and the standard parameter in such situations was always the cardinality of the set.
We believe that our formulation of the problem SFM(L) is an appropriate form of generalization
of the standard SFM problem to the case of arbitrary lattices.

We will generalize this problem even further, by considering classes of finite lattices. Let C be
fixed finite class of finite lattices. Define the optimisation problem SFM(C) as follows:

INSTANCE: A lattice £/ = £q X ... x L, such that £; € C for all 1 < i < n, and a supermodular
function f on L'

GoaL: Find an element a € £ such that f(a) = max{f(b) | b € L'}.

One can extend the notion of oracle-tractability to the problems SFM(C) in a natural way,
assuming that an instance is given by an n-tuple of names of lattices in the product and by an
oracle for the function f. For any finite class of finite distributive lattices one can follow the same
procedure as for a single distributive lattice, so, clearly, the following statement holds.

Proposition 2.4 SFM(C) is oracle-tractable for any finite class C of finite distributive lattices.

3 Maximum constraint satisfaction

Maximum constraint satisfaction problems are well-studied combinatorial optimization problems.
The standard example of such problems are MAX k-CUT and MAX k-SAT.



Let D denote a finite set with |D| > 1. Let Rgn) denote the set of all m-ary predicates over D,

that is, functions from D™ to {0,1}, and let Rp = U,._; R(Dm). Also, let ZT denote the set of all
non-negative integers.

Definition 3.1 A constraint over a set of variables V.= {x1,x2,...,2,} is an expression of the
form f(x) where

o fc Rgn) is called the constraint predicate; and

o x = (x,...,m;, ) s called the constraint scope.
The constraint f is said to be satisfied on a tuple a = (a;,,...,ai,) € D™ if f(a) = 1.

Definition 3.2 For a finite F C Rp, an instance of MAX CSP(F) is a pair (V,C) where
o V=A{xy,...,2,} is a set of variables taking their values from the set D;
e C is a collection of constraints fi1(x1),..., fqo(xq) over V, where f; € F for all1 < i <gq.

The goal is to find an assignment p : V. — D that mazimizes the number of satisfied constraints, that
is, to mazimize the function f : D™ — Z%, defined by f(x1,...,2y) = Y i_q fi(x;). If the constraints
have (positive integral) weights 0;, 1 < 1 < q, then the goal is to mazimize the total weight of satisfied
constraints, to mazimize the function f : D" — Z*t, defined by f(x1,...,2n) = > oy 0i * [i(xi).

Example 3.3 [MaAXx k-Cut] In the MAX k-CUT problem, one is given an undirected graph G =
(V, E) with weighted edges, and the goal is to find a partition of V into k parts, V = VyuUViU...U
Vi_1, maximizing the total weight of edges with endpoints in different parts. This problem is exactly
the MAX CSP({#}) problem where # is the binary disequality predicate on {0,1,...,k — 1}.
To see this, think of vertices of a given graph as variables, and apply the predicate to every pair of
variables x,y such that (z,y) is an edge in the graph, while keeping all weights the same. O

Since predicates are functions, one can consider supermodular predicates on a lattice. For a
finite lattice £, we will denote by Spmod, the set of all predicates that are supermodular on L.

It is easy to see that if f(z1,...,2n) = >t 0i - fi(x;) and, for some lattice £, every f; is
supermodular on £ then f is also supermodular on £. Moreover, it is clear that one can compute
the value of f on a given tuple in linear time in the size of the instance. Hence, we immediately
obtain the following lemma.

Lemma 3.4 Let L be a finite lattice such that the problem SEM(L) is oracle-tractable. Then, for
any finite set F C Spmod,, the problem MAX CSP(F) is tractable.

It is intriguing that all known tractable problems Max CSP(F) are essentially (i.e., possibly,
after removing redundant elements from D) of this form (i.e., with 7 C Spmod, for some lattice
L on D). In particular, it is known [3] (and follows from Proposition 2.4 and Lemma 3.4) that
Max CSP(F) is tractable whenever F consists of supermodular predicates on some distributive
lattice.

In the rest of this section, we present evidence that supermodularity on lattices is probably the
right tool for studying the complexity of problems Max CSP(F).

First, we will consider a form of supermodular constraints that can be defined on any lattice.



Definition 3.5 A predicate f € Rg) will be called 2-monotone! on a lattice L on D if it can be
expressed as follows

f) =1 ((wi Cai) Ao Az, Eaig)) V(2 Do) A Az, 3bj,)) (1)

where X = (T1,...,%p), Qiy,-.., 0, bj,...,b;, € D, and either of the two disjuncts may be empty
(i.e., the value of s or t may be zero).

It is straightforward to check that every 2-monotone predicate on a lattice is supermodular on
it. The next theorem is, to the best of our knowledge, the only one available on the complexity of
supermodular constraints on arbitrary lattices.

Theorem 3.6 ([3]) Let £ be a lattice on a finite set D. If F consists of 2-monotone predicates
on L, then Max CSP(F) is tractable.

Note that 2-monotone predicates can be defined on any poset, since the definition does not use
the property of the order to be lattice. However, it was shown in [20] that if F consists of all binary
2-monotone predicates on a non-lattice poset then Max CSP(F) is NP-hard.

An endomorphism of F is a unary operation 7 on D such that, for all f € F and all (a1,...,an) €
D™ we have f(a1,...,am) =1= f(7w(a1),...,m(am)) = 1. We say that F is a core if every endo-
morphism of F is injective (i.e. a permutation). The intuition here is that if F is not a core then it
has a non-injective endomorphism =, which implies that, for every assignment ¢, there is another
assignment 7w that satisfies all constraints satisfied by ¢ and uses only a restricted set of values,
so the problem MAX CSP(F) can be reduced to a similar problem over this smaller set.

Theorem 3.7 ([5, 3, 19]) Let |D| <3 and let F C Rp be a core. If there is a chain C on D such
that F C Spmod, then MAX CSP(F) is tractable. Otherwise, MAX CSP(F) is NP-hard.

For an element d € D, define the unary predicate ug so that ug(z) = 1 & x = d. Let
Cp ={uq|de D}.

Theorem 3.8 ([7, 8]) Let D be any finite set and assume that Cp C F C Rp. If there is a
chain C on D such that F C Spmod, then MAX CSP(F) is tractable. Otherwise, MAX CSP(F)
is NP-hard.

Note that (assuming that supermodularity is the right tool) chains are the only lattices that
could possibly appear in Theorems 3.7 and 3.8 because, as is easy to check, every lattice with at
most three elements is a chain and every predicate of the form wug is supermodular on a lattice if
and only if the lattice is a chain (the latter assertion is essentially Lemma 5.1 of [3]).

However, it is known that classes of supermodular predicates on (essentially) different lattices
are pairwise incomparable. More precisely, for any lattice £, let £ denote the dual lattice of L,
i.e., the one obtained from L by reversing the order (or by swapping the lattice operations, which
is the same). It is obvious from the definition that the classes of supermodular functions on £ and
on L9 coincide. Tt was shown in [20] that, for any finite lattice £’ (on the same set as £) such that
L' is neither £ nor £2, there exists a predicate which is 2-monotone (and hence supermodular)
on £, but not supermodular on £’. Hence, essentially, one cannot exclude any lattice from these
considerations.

'n [3], such predicates are called generalized 2-monotone.



It follows that the problem SFM(L) restricted to supermodular functions on a non-distributive
lattice £, such as the functions that can appear in instances of Max CSP(F), is of special interest.

It is a basic fact in lattice theory (see, e.g., [13]) that a lattice is distributive if it does not
contain, as a sublattice, one of the two minimal non-distributive lattices: the pentagon N5 and the
diamond M3. These two lattices are depicted on Fig. 1.

Figure 1: The pentagon N5 and the diamond Ms.

It will follow from the results in this paper that MAx CSP(F) is tractable if 7 C Spmod,, or
F C Spmod 4,

4 SFM and constructions on lattices

In this section we show that tractability of SFM(L) is preserved under certain constructions on
lattices, and exhibit a large class of non-distributive lattices for which SEFM(L) is tractable.

4.1 General constructions

A congruence on a lattice £ is an equivalence relation 6 such that, for all a, b, ¢, d € L, the conditions
afb and cfd imply that both (aM¢)f(bMd) and (a U c)d(bLI d) hold.

If 6 is a congruence on £ and a € L then let a[f] denote the #-class containing a. It is well-
known that every f-class is a sublattice of L. It is also well known that the family of all #-classes
forms a lattice, called a factor-lattice of £ and denoted L£/6, with operations defined as follows:
allNd 0] = (aMd)[f] and a[f] U d'[0] = (aUa)[6] .

We will now introduce a certain notion of product of classes of lattices that was intensively
studied in lattice theory (see, e.g., [14] or pp. 489-90 of [13]).

Definition 4.1 If V and W are classes of lattices then their Mal'tsev product, denoted V o W,
consists of all lattices L such that there is a congruence 8 on L with the following properties:

1. the lattice L£/0 belongs to W ;

2. every 0-class is a lattice from V.

Let D denote the class of all distributive lattices, let D; denote the class of all distributive
lattices with at most k elements, and let D;, denote the class of all finite lattices from D.

Example 4.2 The lattice N5 belongs to D3 o Ds. It is easy to check that the equivalence relation

0 whose two classes are within the ovals in Fig. 2 is a congruence. The classes of the congruence are

distributive lattices (chains), and the lattice N5/6 is a distributive lattice (a two-element chain).
O



Figure 2: The pentagon N5 is in D3 o Ds.

Theorem 4.3 Suppose that V, W are finite classes of finite lattices. If SEFM(V) and SEFM(W)
are both oracle-tractable then SFM(V o W) is oracle-tractable as well.

Proof: Let £'= L1 x...x L, such that £; € VoW for all 1 <i < n. Then, for every 1 <1 < mn,
there exist congruences 6; such that the lattices K; = £;/6; belong to W and every 6;-class belongs
to V.

Define a function f on K = Ky x ... x K, by letting

f(axl61]; - .., anln]) = max fla (9,]x...xan[0n)

Let us check that f’ is a supermodular function on K. Take two arbitrary elements in K, say
(a1[bh], ..., an[0y]) and (b1[01],...,bn[0n]). Choose a}, b;, 1 < i < n, so that a;6;a; and b;0;, for
all 1 < i <mn,and f'(a1[01],...,an[0n]) = f(a},...,a),) and f'(b1[bn],...,bn[0n]) = F(bY, ... 0)).
Since each 0; is a congruence, it follows that

flax[ba], ... anlBn]) + f/(O161], -, bulBn]) = f(ad, .. an) + F(B, .0 00) <
Fla, My, al (b)) + f(dh U, L) <
F1 (@i )01, -, (an, M) [0n]) + f/((ay WOY)[B1], - - (a5 L By, )[0n]) =
(@ nb)[61], - (an M0)[02]) + f'((a1 L b1)[01], - -, (an U by)[05]) =

f’(al[ﬁl] M by [91], .. ,an[én] M bn[en}) + f’(al[ﬁl] LI by [91], .. ,an[ﬁn] L bn[Qn])

Since K is a direct product of lattices from W, we infer that f’ can be maximized in polynomial
time if evaluation of f’ on a given tuple is a primitive operation. That is, f/ can maximized in at
most p1(n) number of steps, where pp is a fixed polynomial, and some of the steps are evaluations
of f' on a given element of K.

Assume that SFM(V) can be solved in ps(n) steps, some of which are function evaluations.
Now, to prove the theorem, it suffices to show that f’ can be evaluated on any given element of
K in pa(n) steps (assuming that evaluating f on a given element of £’ is a primitive operation).
Fix an element (a1[6h],...,an[0n]) of K. The goal now is to maximize f on aj[fi] X ... X a,[0y].
Every a;[6;] is a lattice from V| so evaluating f'(ai[61],...,an[0,]) can be done in ps(n) steps by
assumption of the theorem. Hence, f can be maximized in pi(p2(n)) steps, some of which are



evaluations of f on a given tuple. O

Corollary 4.4 If £1 and Ly are finite lattices such that SEM(L;) is oracle-tractable for i = 1,2,
then SEM(L1 x L2) is oracle-tractable as well.

Proof: Let V= {L;} and W = {£5}. It is immediate that SFM(V) and SFM(W) are oracle-
tractable. The lattice £ = L1 x Lo belongs to V o W. Indeed, the relation # on £’ defined so
that (a1, b1)6(az,bs) if and only if by = be is a congruence such that £’/ is isomorphic to L2 while
every O-class is isomorphic to £q. Clearly, when maximizing an n-ary supermodular function on
L1 X Lo, one can identify £'/0 with Lo and every every 6-class with £;. The result now follows
from Theorem 4.3. O

Definition 4.5 A mapping ¢ from a lattice L1 to a lattice Lo is called a homomorphism if, for all
a,b € Ly, it holds that p(aT1b) = p(a) Me(b) and ¢(a L b) = p(a) Up(b). If such a mapping ¢ is
onto then Lo is said to be a homomorphic image of L;.

Theorem 4.6 Fiz a finite lattice L. If L is a homomorphic image of some finite lattice L1 such
that SEM(L,) is oracle-tractable then SEM(L) is oracle-tractable as well.

Proof: Every supermodular function f on £™ can be transformed into a supermodular function
fi on L} by letting fi(a1,...,an) = f(p(ai),...,e(an)) where ¢ is a surjective homomorphism
from £y to L. It is straightforward to check that f; is indeed supermodular on £y. Since ¢ is
surjective, the maximum of f; coincides with the maximum of f. By assumption, one can find a
tuple a maximizing f; in polynomial time in n, and the tuple maximizing f is obtained from a by
applying ¢ component-wise. O

It is clear, say, since the pentagon belongs to D3 o Dy, that Theorem 4.3 extends (compared
to Dy;y,) the class of lattices £ for which SFM(L) is proved to be oracle-tractable. We note that
Theorem 4.6 further extends this class. Consider, for example, the lattice £ shown in Fig. 3. It
is shown in the proof of Theorem 1 of [14] that this lattice is a homomorphic image of a lattice
belonging to (D4 o Dy) o Dy, so SEM(L) is oracle-tractable. It is easy to verify that this lattice is
simple, that is, it has no congruences except for the equality relation and the full binary relation.
Lemma 1 of [14] states that if a simple lattice belongs to Mal’tsev product of two classes of lattices
then it belongs to one of these classes. Hence, since L is simple and non-distributive, it does not
belong to any class obtainable from D, by using Mal’tsev product.

It follows from Proposition 2.4 and Theorems 4.3 and 4.6 that if a finite lattice £ belongs to a
class obtained from finite sets of distributive lattices by (repeatedly) using Mal’tsev product and
also taking homomorphic images, then SFM(L) is oracle-tractable. What is the family F of finite
lattices £ which can be obtained as described above? Unfortunately, it seems quite difficult to
give a precise characterisation of this family because, by [22], the process of repeatedly applying
Mal’tsev product to D results in different classes of lattices for different orders of applying the
operation. However, in the next subsection we describe a well-understood and rich subclass of F,
which can be obtained by repeatedly applying Mal’tsev product only to Dy. The subclass consists
of the so-called bounded finite lattices.

We will now describe some lattices that definitely do not belong to the family F. For ¢t > 3,
a t-diamond (or simply a diamond), denoted My, is a lattice on an (¢ + 2)-element set such that
O, , Lo, are the least and the greatest element, respectively, and all ¢ elements in My \ {Oaq,, 1ag, }



Figure 3: The lattice £.

Figure 4: A diamond lattice M.

are pairwise incomparable. The Hasse diagram of My is given in Fig. 4. Note that M3 is often
referred to as the diamond. It is well-known and easy to check that every diamond is a simple
non-distributive lattice. In addition, every diamond has the property that, for every finite lattice £
having M; as a homomorphic image, £ also contains M; as a sublattice (see Lemma 6.21 of [15] or
the more general Theorem 2.47 of [18]). Hence, in order to show that no diamond belongs to F, it
is sufficient to prove that if a finite lattice £ containing M, as a sublattice belongs to X oY then at
least one of these two classes contains a lattice with the same property. So assume that £ € XoY.
By definition, £ has a congruence 6 such that £/6 € Y and every #-class is in X. It is well-known,
and easy to show that the restriction 6’ of § on M, is a congruence of M;. By simplicity of M.,
all the elements of M; belong either to a single #’-class or to pairwise different ’-classes. In the
former case, M, is entirely contained in some 6-class, so this class is the required lattice in X. In
the latter case, £/6 € Y is the required lattice. This argument can be easily generalized to show
that, in fact, no lattice containing M3 as a sublattice belongs to F.

Even though we have been unable to prove that SFM(M;) is oracle-tractable, we will show in
Section 5 that the problems Max CSP(F) with F C Spmod,, are tractable.

4.2 Finite bounded lattices

Let £ be a lattice and v C v two comparable (and not necessarily distinct) elements of £. Let I
denote the interval [u,v] ={z € L|uC 2z C v} in L.

Definition 4.7 The lattice L[I] is said to be obtained from L by doubling the interval I if the base
set of L[I] is (L\I)U (I x{0,1}) and x Ty holds in L[I] if and only if

e xCyinLl andx,y &I, or
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Figure 5: Obtaining the pentagon by doubling intervals (in three steps). In each step, the white
elements indicate the interval to be doubled.

exzeclL\I,y=(bj)andxzCbinL, or
e x=(a,i),ye L\I anda Ty in L, or

e x=(a,i), y=(b,j) such that a,b € I and a T b in L, and i < j.
Essentially, doubling an interval I in £ means replacing it with I x {0,1}.

Definition 4.8 A finite lattice L is called bounded? if there is a sequence L1, ..., Ly, such that £,
is one-element, Ly, is isomorphic to L, and, for j =1,...,n — 1, there exists an interval I in L;
such that L1 is isomorphic to L;[1;].

In other words, a finite lattice is called bounded if it can be obtained from the one-element
lattice by successive doubling of intervals. For example, Fig. 5 demonstrates that the pentagon is
a bounded lattice, while it is not hard to check the lattice £ from Fig. 3 is not bounded. Bounded
lattices play an important role in lattice theory [18]. The name “bounded” comes from an equivalent
characterisation of such lattices, which is usually used as the definition (but does not play any role
in this paper). Theorem 2.46 of [18] states that a finite lattice £ is bounded if and only if there
exists a free lattice FL£ and a congruence o on FL such that £ is isomorphic to FL/« and every
a-class in FL has both the least and the greatest element.

It is easy to check that for any lattice £ and any interval I in £, the binary relation 6 on L[]
defined by the rule

(x,y) €0 < eitherz =y &1 or z = (a,i),y = (a,j) for some a € I

is a congruence of L[I]. Moreover, the lattice £[I]/6 is isomorphic to £, and every 6-class is either
a one-element lattice C; or a two-element chain Cy. Therefore, we have that L£[I] belongs to the
Mal’tsev product {C1,Ca} o {£}. So, if we inductively define D} = Dy and D} = Dy o D! for
n > 1, then we have that every finite bounded lattice belongs to D% for a suitable n. Hence,
Theorem 4.3 (together with Lemma 3.4) implies the following statement.

Proposition 4.9 Let L be a fized finite bounded lattice. Then SEFM(L) is oracle-tractable and, for
any finite set F C Spmod,, MAX CSP(F) is tractable.

It is known (see Lemma 2.40 of [18]) that the class of finite bounded lattices is a pseudo-variety,
that is, it is closed under taking homomorphic images, sublattices, and finite direct products. Since

2Not to be confused with posets that have both the least and the greatest element.
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the two-element chain is a bounded lattice, it follows that every finite distributive lattice is bounded.
Interestingly, if one allows not only finite, but arbitrary direct products (i.e., direct products of
infinitely many lattices) then one can generate all lattices from finite bounded lattices (this fact
immediately follows from Theorems 2.25 and 2.44 of [18]). In other words, every (not necessarily
finite) lattice is a homomorphic image of a subalgebra of a direct product of (possibly infinitely
many) finite bounded lattices. Unfortunately, this fact seems to be useless for algorithmic aspects
which we are interested in.

5 Max CSP on diamonds

In this section, we consider problems Max CSP(F) where F consists of supermodular predicates
on a diamond M; (see Fig. 4). The middle elements of M; are called atoms. Note that, for every
pair of distinct atoms a and b, we have a b = 0x, and a U b = 14,. For simplicity, let £ denote
an arbitrary (fixed) ¢-diamond, ¢t > 3, throughout this section.

5.1 The structure of supermodular predicates on diamonds

In this subsection, we describe the structure of supermodular predicates on £ by representing them
as logical formulas involving constants (elements of £) and the order relation C of L.

For a subset D' C D, let up denote the predicate such that up/(x) = 1 < x € D'. The
following lemma can be easily derived directly from the definition of supermodularity.

Lemma 5.1 A unary predicate ups is in Spmod, if and only if either both Oz,1z € D' or else
|D'| <2 and at least one of O, 1, is in D'.

For a sequence y = (z,,...,x;, ) of variables and a sequence ¢ = (¢;,...,¢;, ) of elements of
L, we write y C ¢ to denote )\, (zi, C ¢;,), and the condition y J c is defined dually.

Theorem 5.2 Every predicate f(x1,...,%,) in Spmod,, such that f takes both values 0 and 1,
can be represented as one of the following logical implications:

1. [(x; Ca1) V...V (2; C )] = (x; C0g) where the a;’s are atoms;

2. 2(y 3c) = (zC d) wherey and z are some subsequences of (x1,...,2,), and c, d are
tuples of elements of L (of corresponding length) such that ¢ contains no Oz and d no 1.;

9. (e Sbi)V -V (@i Ch) V~(y D )] = (2 T a) where the b;’s are atoms, y docs nol
contain x;, and a # 1z;

4. 2@ 2b) = [=(zi ar) A+ A=z D) A(y E c)] where the a;’s are atoms, y does not
contain x;, and b # Of;

5. =(y Jdc) = false wherey is a subsequence of (z1,...,x,) and c contains no Og;
6. true = (y C ¢) wherey is a subsequence of (x1,...,xy) and c contains no 1.

Conversely, every predicate that can be represented in one of the above forms belongs to Spmod,.

Example 5.3 The unary predicate of type (1) above is the same as ups where D' = D\{aq,...,a;}.
The predicates up, € Spmod, with |D’| < 2 are the unary predicates of types (5) and (6). O
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Remark 5.4 Note that constraints of types (2),(5), and (6) are 2-monotone on £, while constraints
of types (3) and (4) (and most of those of type (1)) are not.

Proof: (of Theorem 5.2). It is straightforward to verify that all the predicates in the list are
actually supermodular. Now we prove the converse. Consider first the case where the predicate f
is essentially unary, i.e., there is a variable x; such that f(z1,...,z,) = up/(z;) for some D" & D.
IfD' ={x:xCa}or D' ={x:xJa} for some atom a then f is of the form (5) or (6); otherwise
both 0z and 1, are in D’ by Lemma 5.1, and if ay, ..., a; denote the atoms of the lattice that are
not in D', then it is clear that f is described by the implication (1).

Now we may assume that f is not essentially unary. If it is 2-monotone, then it is easy to see
that f must be described by an implication of type (2), (5) or (6). So now we assume that f is not
essentially unary and it is not 2-monotone; we prove that it is described by an implication of type
(3) or (4). We require a few claims:

Claim 0. The set X of all tuples u such that f(u) =1 is a sublattice of L™, i.e. is closed under
join and meet.
This follows immediately from the supermodularity of f.

Claim 1. There exist indices 1 < i1,...,0k,J1,---,J1 < n, atoms eq,...,ex and by,...,b; of L such
that f(x) =1 if and only if

[S(zi, Der) A A=(wy, Der)] \[ [H(g Eb1) A== A (g, E b))

Notice first that the set Z of tuples u such that f(u) = 0 is conver in L™, ie. f uC vIC w
with f(u) = f(w) = 0 then f(v) = 0. To show this we construct a tuple v’ as follows: for each
coordinate ¢ it is easy to find an element v, such that v; Mv] = u; and v; Uv, = w;. Hence viv/ =u
and v U v’ = w so by supermodularity of f neither v nor v’ is in X. It follows in particular that
neither Ozn nor 1on is in Z; indeed, if Ozn € Z, let a be the smallest element in X (the meet of all
elements in X), which exists by Claim 0. Since Z is convex it follows that every element above a
is in X so f is 2-monotone, a contradiction. The argument for 1.~ is identical.

Now let w € Z be minimal, and let v C w. As above we can find a tuple v/ such that vUv' = w
and v M v’ = 0zn; by supermodularity of f it follows that v =w or v/ = w. It is easy to deduce
from this that there exists a coordinate s such that w; is an atom of £ and wy = 0, for all ¢ # s.
A similar argument shows that every maximal element of Z has a unique coordinate which is an
atom and all others are equal to 1.

Since Z is convex, we have that f(x) = 0 if and only if x is above some minimal element of Z
and below some maximal element of Z; Claim 1 then follows immediately.

For each index ¢ € {i1,..., i} that appears in the expression in Claim 1, there is a corresponding
condition of the form

~(x; Desy) A A=(w Des,);

let I; denote the set of elements of £ that satisfy this condition. Obviously it cannot contain 1,
and must contain 0. Similarly, define for each index j € {j1,...,/i} the set F}; of all elements of
L that satisfy the corresponding condition of the form

(5 E by ) A--- A (g B by);

it is clear that Oz ¢ F; and 1. € Fj.
The condition of Claim 1 can now be rephrased as follows: f(x) = 1 if and only if x; € I; for
all i € {i1,...,ix} or xj € Fj for all j € {j1,...,5i}. It is straightforward to verify that since f is

12



not 2-monotone, one of the I; or one of the F; must contain 2 distinct atoms. We consider the first
case, and we show that the predicate f is of type (4). The case where some F}; contains two atoms
is dual and will yield type (3).

Claim 2. Suppose that I; contains distinct atoms ¢ and d for some i € {iy,...,ix}. Then (a) i
is the only index with this property, (b) {j1,...,51} = {i} and (c) F; does not contain 2 distinct
atoms.

We prove (b) first. We have that

f(Og,...,02,¢,0z,...,02) = f(Oz,...,02,d,0p,...,02) =1

(where ¢ and d appear in the i-th position) and by supermodularity it follows that we also have
f(Oz,...,0z,1£,0z,...,0£) = 1. Since I; does not contain 1., we have that z; € F}; for each
J € {Jj1,--.,4i}; since Fj never contains Oz, (b) follows immediately. Since {ji,...,7} is non-
empty, (a) follows immediately from (b). Finally, if F; contained distinct atoms then by dualising
the preceding argument we would obtain that {ii,...,it} = {i} from which it would follow that f
would be essentially unary, contrary to our assumption. This concludes the proof of the claim.

Let b denote the minimal element in F;, and for each index s € {i1,..., i} different from i let
¢s denote the (unique) maximal element of Ig; then we can describe f as follows: f(x) =1 if and
only if

[zi€ L AM(y Cc)]V (x; D)

where y is a tuple of variables different from z; and c is the tuple whose entries are the ¢, defined
previously. It remains to rewrite the condition x; € I;. Suppose first that there exists at least one
atom of £ outside I;, and let aq,...,a; denote the atoms outside I;. Then it is clear that x; € I; if
and only if =(x; Jaj) V.-V =(z; J a;) holds, so the predicate f is of type (4) (simply restate the
disjunction as an implication). Now for the last possibility, where I; contains all of D except 1.;
then it is easy to see that f can be described by the following:

[F(z; D) A (y Ec)] V (z; D)
and this completes the proof of the theorem. O

We remark that the preceding theorem can be extended to give a similar characterisation of
the supermodular constraints on lattices in the larger class of so-called relatively complemented
lattices [21].

5.2 Supermodular constraints on diamonds are tractable

Theorem 5.5 If F C Spmod, then MAX CSP(F) can be solved (to optimality) in O(n?-|L|>+¢>)
time where n is the number of variables and q is the number of constraints in an instance.

Proof: We will show how the problem can be reduced to the well-known tractable problem MIN
Cur.

Let Z = {p1 - fi(x1),...,pq - f4(Xq)}, ¢ > 1, be an instance of weighted MAX CSP(F), over a
set of variables V' = {z1,,...,,x,}.

Construction.

Let oo denote an integer greater than ) p;. For each constraint f;, fix a representation as
described in Theorem 5.2. In the following construction, we will refer to the type of f; which will
be a number from 1 to 6 according to the type of representation. Every condition of the form
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(y C c) will be read as A (zi, C ¢;,), and every condition of the form =(y Jc¢) as \/ =~ (z;, D ¢,),
where ig runs through the indices of variables in y. Moreover, we replace every (sub)formula of the
form —(z J 1.) by Vi, =(z 3 a;) where ai,...,a, are the atoms of L.

We construct a digraph Gz as follows:

e The vertices of G7 are as follows
— T, FYU{zg|xzcV,de LYU{Zy| 2 € V,dCc Lisan atom} U {e;,& |i=1,2,...,¢}>.

For each f; of type (5), we identify the vertex e; with F. Similarly, for each f; of type (6),
we identify the vertex e; with T

e The arcs of G are defined as follows:

— For each atom c in £ and for each x € V, there is an arc from zg, to x. with weight oo,
and an arc from Z. to x1, with weight oo;

— For each pair of distinct atoms ¢, d in £ and for each x € V, there is an arc from z. to
Tq with weight oo;

— For each f;, there is an arc from ¢; to e; with weight p;;

— For each f; of types (1-4), and each subformula of the form (z C a) or =(z 3 a) in the
consequent of f;, there is an arc from e; to x, or T, respectively, with weight oo;

— For each f; of types (1-4), and each subformula of the form (z C a) or =(z J a) in the
antecedent of f;, there is an arc from x, or Z,, respectively, to €;, with weight oo;

— For each f; of type (5), and each subformula of the form —(x 3 a) in it, there is an arc
from Z, to €; with weight oo;

— For each f; of type (6), and each subformula of the form (x C a) in it, there is an arc
from e; to z, with weight oo;

Arcs with weight less than oo will be called constraint arcs.

It is easy to see that G7 is a digraph with source T' (corresponding to true) and sink F
(corresponding to false). Note that paths of non-constraint arcs between vertices corresponding
to any given variable x € V precisely correspond to logical implications that hold between the
corresponding assertions. Throughout the proof, we say “a cut in Gz” meaning a (T, F')-cut.

Define the deficiency of an assignment ¢ as the difference between Y 7_; p; and the evaluation
of ¢ on Z. In other words, the deficiency of ¢ is the total weight of constraints not satisfied by
. We will prove that minimal cuts in G7 exactly correspond to optimal assignments to Z. More
precisely, we will show that, for each minimal cut in Gz with weight p, there is an assignment for
7 with deficiency at most p, and, for each assignment to Z with deficiency p’, there is a cut in Gz
with weight p'.

The semantics of the construction of Gz will be as follows: the vertices of the form z, or Z,
correspond to assertions of the form x C a or —~(z J a), respectively, and arcs denote implications
about these assertions. Given a minimal cut in G, we will call a vertex x, reaching if I’ can be
reached from it without crossing the cut. Furthermore, if a vertex x, is reaching then this will
designate that the corresponding assertion is false, and otherwise the corresponding assertion is
true. A constraint is not satisfied if and only if the corresponding constraint arc crosses the cut.

3The vertices x4 will correspond to the expressions = C d and Zq to —(x J d).
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Let C be a minimal cut in G7. Obviously, C' contains only constraint arcs. First we show that,
for every variable x € V, there is a unique minimal element a € £ such that x, is non-reaching.
All we need to show is the following: if ¢, d are distinct atoms such that both x. and x4 are both
non-reaching then so is zp,.. Assume that, on the contrary, o, is reaching. Then there is a path
from xo, to F' not crossing the cut. It is easy to notice that such a path has to go through a vertex
T, for some atom a € L, since the second vertex on this path must be of the form x; for some atom
b, and it is followed either by a vertex T, or else by three vertices €;, e;, xy for some 1 <1 < g and
some atom b’. However, we have an arc from at least one of vertices z., x4 to Z,, and hence at least
one of these vertices would have a path to F' not crossing the cut, a contradiction.

Note that, for every x € V, there are no arcs coming out of z1,.. Hence, for every z € V, there
is a unique minimal element v € £ such that F' cannot be reached from z, without crossing the
cut.

Define an assignment p¢ as follows:

wc(x) is the unique minimal element a such that z, is non-reaching.

We now make some observations. Note that, for all z € V and a € £, we have that ¢c(z) C a if
and only x, is non-reaching. Moreover, if Z, is reaching then, for each atom b # a, we have an arc
from z} to T, meaning that pc(z) £ b, and hence pc(z) J a. Furthermore, if Z, is non-reaching
then po(z) # a. Indeed, if pc(z) = a then x; is reaching for all atoms b # a, and, since every path
from x; to F' has to go through a vertex Z. for some ¢, we have that Z. is reaching. Then ¢ # a,
and there is an arc from z, to ., so x, is reaching, a contradiction. To summarize,

e if a node of the form z, or z, is reaching then the corresponding assertion is falsified by the
assignment @¢;

e if a node of the form z, is non-reaching then pc(z) C q;

e if a node of the form Z, is non-reaching then the truth value of the corresponding assertion
is undecided.

Suppose that a constraint arc corresponding to a constraint f; is not in the cut. We claim that
fi is satisfied by the assignment pc. To show this, we will go through the possible types of f;.

If fi is of type (1), (2), (5), or (6), then the claim is straightforward. For example, let f; be
of type (1). If the node o, corresponding to the consequent is reaching, then so are all nodes
corresponding to the antecedent. Hence, all atomic formulas are falsified by the assignment ¢,
and the implication is true. If 2o, is non-reaching, then ¢c(x) = Oz, and the constraint is clearly
satisfied. The argument for types (2), (5), (6) is very similar.

Let f; be of type (3). Then, if the node corresponding to the consequent is non-reaching then
the consequent is satisfied by ¢, and so the constraint is satisfied. If this node is reaching then
every node corresponding to the disjuncts in the antecedent is reaching. Then both antecedent and
consequent are falsified by ¢, and the constraint is satisfied.

Let f; be of type (4), that is, of the form

—(x; b)) = [=(zi Ja) A~ A=(z; Ja) A (y E ).

If a node corresponding to some conjunct in the consequent is reaching, then the node corresponding
to the antecedent is also reaching. So ¢c(x;) J b, and the constraint is satisfied. More generally,
if the node corresponding to the antecedent is reaching then the constraint is satisfied regardless
of what happens with the consequent. Assume that all nodes corresponding to conjuncts in the

15



consequent and in the antecedent are non-reaching. Then the conjunct (y C c) is satisfied by pc.
Furthermore, we know (see the observations above) that pc(z;) # b, and also that pc(x;) # as for
1 <s <. If pc(z;) = 1, then both the antecedent and the consequent of f; are false, and hence
fi is satisfied. Otherwise, ¢ (z;) 2 b and pc(z;) 2 as for 1 < s <1, so f; is satisfied anyway.

Conversely, let ¢ be an assignment to Z, and let K be the set of constraints in Z that are not
satisfied by ¢. Consider any path from T to F. It is clear that if all constraints corresponding to
constraint arcs on this path are satisfied, then we have a chain of valid implications starting from
true and finishing at false. Since this is impossible, at least one constraint corresponding to such
an arc is not satisfied by . Hence, the constraint arcs corresponding to constraints in K form a
cut in G7. Furthermore, by the choice of K, the weight of this cut is equal to the deficiency of .

It follows that the standard algorithm [12] for the MIN CuUT problem can be used to find an
optimal assignment for any instance of MaX CSP(F). This algorithm runs in O(k®) where k is the
number of vertices in the graph. Since the number of vertices in Gz is at most 2(1 +n - |D| + ¢q),
the result follows. ]

We remark that a partial converse to Theorem 5.5 was proved in [20] where it is shown that if
JF contains all 2-monotone predicates on a diamond and any predicate which is not supermodular
on that diamond then Max CSP(F) is NP-hard.

6 Conclusion

We have described a large class of lattices on which the SFM problem is oracle-tractable, and an
even larger class of lattices £ such that MAX CSP(F) is tractable whenever all predicates in F are
supermodular on £. We believe that more progress in the study of maximum constraint satisfaction
can be achieved by further blending supermodular optimization and algebraic lattice theory.

The three most standard constructions on algebras (and on lattices in particular) are the form-
ing of homomorphic images, subalgebras, and direct products. We showed (Corollary 4.4 and
Theorem 4.6) that two of them preserve oracle-tractability of the problems SFM(L). However,
it is an open problem whether, for any finite lattice £, oracle-tractability of SFM(L;) implies
oracle-tractability of SFM(Ly) for any sublattice Lo of L.

This paper explores two ways of obtaining tractability results for MAX CSP problems — one is
via oracle-tractability of the SFM problem, and the other via explicit description of supermodular
predicates. One other way that remains to be explored has to do with implicit methods (see [2, 4])
of showing that some predicates can be simulated (or “strictly implemented” [8, 19]) by other
predicates. One interesting question in this connection is whether any supermodular predicate on
a lattice can be simulated, i.e., strictly implemented, by 2-monotone predicates on that lattice. A
positive answer to this question would, together with Theorem 3.6, imply that Max CSP(F) is
tractable for arbitrary sets F of supermodular predicates on a lattice.

Finally, we hope that the study of sub- and supermodular functions on lattices will find more
applications in combinatorial optimization.
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